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, 6 2 . , Painleve’
Umemura $[24, 22]$ . ,
, Painleve’ , .
Painleve’ , ( $\mathrm{P}_{1}$ ) B\"acklund , ,
[18, 19, 20, 21]. $\text{ }$ ,
B\"acklund , . $\mathrm{P}_{11}$
$y”=2y^{3}+ty+b- \frac{1}{2}$ , $’= \frac{d}{dt}$ , (1.1)
. $\mathrm{P}_{11}$ B\"acklund ,
$S$ : $S(y)=y+ \frac{b}{y’+y^{2}+t/2,b}$ , $S(b)=-b$,
$T_{+}$ : $T_{+}(y)=-y-\overline{y’+y^{2}+t/2}$ ’ $T_{+}(b)=b+1$ , (1.2)
$b-1$
$T_{-}$ : 1 $(y)=-y+\overline{y’-y^{2}-t/2}$ ’ $T_{-}(b)=b-1$ ,
. ,
$y=0$ , $b= \frac{1}{2}$ , (1.3)
, B\"acklund $T_{-}$ ,
$y= \frac{1}{t}$ , $b=- \frac{1}{2}$ ,
(1.4)
$y=- \frac{1}{t}+\frac{3t^{2}}{t^{3}+4}$ , $b=- \frac{3}{2}$ ,
, $\mathrm{P}_{11}$ .
, Painleve’
? $\mathrm{P}_{111},$ $\mathrm{P}_{1\mathrm{V}},$ $\cdots$ B\"acklund






. , Painlev\’e ‘.
, ;
, , 1
. , ( ) , Umemui
$\bullet$ Dynkin (;
[23].
Umemura , $\mathrm{P}_{111},$ $\mathrm{P}_{\mathrm{V}},$ $\mathrm{P}_{\mathrm{V}1}$ ,
( $\mathrm{P}_{11},$ $\mathrm{P}_{1\mathrm{V}}$ $($




, $\mathrm{P}_{11},$ $\mathrm{P}_{111},$ $\mathrm{P}_{1\mathrm{V}}$ $\mathrm{P}_{\mathrm{V}}$ ( ) , Schur $\mathrm{f}$
[5, 3, 6, 14, 15].
12Painlev\’e Schur
, Jacobi-budi Schur .
, Schur ,
$S_{\lambda}(t)=|\begin{array}{lllll}p_{\lambda_{1}} p_{\lambda_{1}+1} p_{\lambda_{1}+n-\mathrm{l}}p_{\lambda_{2}-\mathrm{l}} p_{\lambda_{2}} \ddots p_{\lambda_{2}+n-2}\vdots \vdots \ddots \vdots p_{\lambda_{n}-n\dotplus 1} p_{\lambda_{n}-n+2} p_{\lambda_{n}}\end{array}|$,
$\sum_{k=0}^{\infty}p_{k}(t)\eta^{k}=\exp(_{j=1}\sum^{\infty}tj\eta^{j})$ , $p_{k}(t)=\mathrm{O}$ for $k<0$
$t=(t_{1}, t_{2}, t_{3}, \cdots)$ . Schur
, $t_{k}$ $k$ , $p_{k}$
, $S_{\lambda}$ $\lambda_{1}+\cdots+\lambda_{n}$ .
$\bullet$
$p_{k}$ .
$\frac{\partial p_{k}}{\partial t_{j}}=p_{k-j}$ ,
$\bullet$ Schur KP
[2].
KP , $t_{l},$ $t_{2l},$ $t$
$l$ -reduction . Schur ,
98
$\mathrm{Y}\mathrm{o}\ovalbox{\tt\small REJECT} \mathrm{g}$ ) $l$-reduction .
, $\lambda\ovalbox{\tt\small REJECT}(n,$ $n-1,$ $\cdots,$ $\mathfrak{y}$ Schur
$S_{\lambda}=|\begin{array}{llll}p_{n} p_{n+1} \cdots p_{2n-1}p_{n-2} p_{n-1} \cdots p_{2n-3}\vdots \vdots \ddots \vdots p_{-n+2} p_{-n+3} \cdots p_{1}\end{array}|$, (1.8)
, (1.7) $t_{2},$ $t_{4},$ $\cdots$ . (1.8) 2-reduced Schur
.
, Painleve’ , Schur
. , $\mathrm{P}_{11}$ $\mathrm{P}_{111}$ 2-reduced Schur ,
$\mathrm{P}_{1\mathrm{V}}$ 3-reduced Schur [5, 3, 6, 14].
Nou -Yamada Painleve’ , $A_{l-1}^{(1)}$ .
( ) Painleve’ ( $l=2,3,4$ ,
$\mathrm{P}_{11},$ $\mathrm{P}_{1\mathrm{V}},$ $\mathrm{P}_{\mathrm{V}}$ ). , $\tau$- ( $\tau-$ ) $-\text{ }$
Jacobi-Trudi , $A_{l-1}^{(1)}$ $l$-reduction
[16, 17, 26].
, Jacobi-Tru , .
, $\mathrm{P}_{11},$ $\mathrm{P}_{1\mathrm{V}}$ , [12].
$\mathrm{P}_{\mathrm{V}}$
$\frac{d^{2}y}{dt^{2}}=(\frac{1}{2y}+\frac{1}{y-1})(\frac{dy}{dt})^{2}-\frac{1}{t}\frac{dy}{dt}+\frac{(y-1)^{2}}{2t^{2}}(\kappa_{\infty}^{2}y-\frac{\kappa_{0}^{2}}{y})-(\theta+1)\frac{y}{t}-\frac{y(y+1)}{2(y-1)},$ $(1.9)$
. , $\mathrm{P}_{\mathrm{V}}$ , Jacobi-
Tru ( 4 ).
, , .
$\mathrm{f}\mathrm{f}\mathrm{i}_{\mathrm{r}}^{\vec{\mathrm{D}}}$ . , $\mathrm{P}_{\mathrm{V}}$ ( ,








$’=t \frac{d}{dt}$ , (2.1)
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$y=- \frac{f_{3}}{f_{1}}$ , (2.4)
, $\mathrm{P}_{\mathrm{V}}(1.9)$ . ,
$\kappa_{\infty}=\alpha_{1}$ , $\kappa_{0}=\alpha_{3}$ , $\theta=\alpha_{2}-\alpha_{0}-1$ , (2.5)
.
$\mathrm{P}\mathrm{v}$ B\"acklund , ,
$s_{i}(\alpha_{i})=-\alpha_{i}$ , $s_{i}(\alpha_{j})=\alpha_{j}+\alpha_{i}(j=i\pm 1)$ , $s_{i}(\alpha_{j})=\alpha_{j}(j\neq i, i\pm 1)$ ,
$s_{i}(f_{\dot{l}})=f_{\dot{l}}$ , $s_{i}(f_{j})=f_{j} \pm\frac{\alpha_{1}}{f}.\cdot$
.
$(j=i\pm 1)$ , $s_{i}(f_{j})=f_{j}(j\neq i, i\pm 1)$ , (2.6)
$\pi(\alpha_{j})=\alpha_{j+1}$ , $\pi(f_{j})=f_{j+1}$ ,
( $\mathbb{Z}/4\mathbb{Z}$ ). ,
$S_{1}^{2}$. $=1$ , $s_{i}s_{j}=s_{j^{S}:}(j\neq i, i\pm 1)$ , $s_{i}s_{j}s_{i}=s_{j^{\mathrm{S}}:^{s_{j}}}(j=i\pm 1)$ ,
$\pi^{4}=1$ , $\pi s_{j}=s_{j+1}\pi$ ,
(2.7)
. $S$: $W=<s_{0},$ $s_{1},$ $s_{2},$ $s_{3}>$ $A_{3}^{(1)}$
( $\overline{W}=<s_{0},$ $s_{1},$ $s_{2},$ $s_{3},$ $\pi>$ ).
,
$s_{i}(\tau_{j})=\tau_{j}(i\neq j)$ , $s_{i}( \tau_{i})=f_{i}\frac{\tau_{i-1}\tau_{i+1}}{\tau_{i}}$ , $\pi(\tau.\cdot)=\tau_{i+1}$ , (2.8)
, $\tau$- . $\mathrm{P}_{\mathrm{V}}$ $y$ \mbox{\boldmath $\tau$}-
, (2.4) ,
$y=- \frac{\tau_{3}s_{3}(\tau_{3})}{\tau_{1}s_{1}(\tau_{1})}$ , (2.9)
.












$T_{1}=\pi s_{3}s_{2}s_{1}$ , $T_{2}=s_{1}\pi s_{3}s_{2}$ , $T_{3}=s_{2}s_{1}\pi s_{3}$ , $T_{0}=s_{3}s_{2}s_{1}\pi$ , (2.12)
. $T_{1}T_{2}T_{3}T_{0}=1$ , , $\ovalbox{\tt\small REJECT}$
$(i=0,1,2,3)$
$T_{i}(\alpha_{i-1})=\alpha_{i}+1$ , $T_{i}(\alpha_{i})=\alpha_{i}-1$ , $T_{i}(\alpha j)=\alpha j(j\neq i, i-1)$ , (2.13)
. $T_{i}$ Schlesinger .




[26]. $\phi_{k,l,m,n}$ , $\tau-$ . ,




[10] , . , Dynkin
, seed . $\pi^{2}$
, $s$ ,
$( \alpha_{0}, \alpha_{1}, \alpha_{2}, \alpha_{3})=(\frac{1}{2}-s,$ $s,$ $\frac{1}{2}-s,$ $s)$ , $f_{i}= \frac{\sqrt{t}}{2}$ , $(i=0,1,2,3)$ , (3.1)
(2.1)-(2.2) . , $\mathrm{P}_{\mathrm{V}}(1.9)$ ,
$y=-1$ , $\kappa_{\infty}=s$ , $\kappa_{0}=s$ , $\theta=-1$ , (3.2)
.
, seed (3.1) B\"acklund (Schlesinger ) $\mathrm{P}_{\mathrm{V}}$
. $T_{1}T_{2}T_{3}T_{0}=1$ , $T_{2},$ $T_{3},$ $T_{0}$ $\phi_{0,l,m,n}=$
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$\phi\iota_{m,n}$, . $l,$ $m,$ $n$ $\phi_{l,m,n}$ ,
$U_{l,m,n}=U_{l,m,n}(t, s)$ $t,$ $s$ ( ,
$\phi_{l,m,n}=(\frac{\sqrt{t}}{2})^{(m-n-l-1)(m-n-l)/2}U_{l,m,n}$ , (3.3)
. , B\"acklund $T_{2},$ $T_{3},$ $T_{0}$ , $T_{2}$
$s$ $T_{0}$ , $T_{3},$ $T_{0}$ 2
B\"acklund . ,
$U_{1,m,n}(t, s)=U_{0,m,n-1}(t, s+1)$ , $U_{-1,m,n}(t, s)=U_{0,m,n+1}(t, s-1)$ , (3.4)
, $U_{0,m,n}=U_{m,n}$ .
$c_{m+1}c_{m-1}=(m+ \frac{1}{2})c_{m}^{2}$ , $c_{-1}=c_{0}=1$ ,
$d_{n+1}d_{n-1}=-(n+ \frac{1}{2})d_{n}^{2}$ , $d_{-1}=d_{0}=1$ ,
(3.5)
$c_{m},$ $d_{n}$ ,
$U_{m,n}(t, s)=c_{m}d_{n}S_{m,n}(t, s)$ , (3.6)
, $S_{m,n}$ .
31 $p_{k}=p_{k}(t, s),$ $q_{k}=q_{k}(t, s)$
$\sum_{k=0}^{\infty}p_{k}(t, s)\eta^{k}=\exp(\sum_{j=1}^{\infty}t_{j}^{(1)}\eta^{j})$ , $p_{k}=0$ for $k<0$ ,
$\sum_{k=0}^{\infty}q_{k}(t, s)\eta^{k}=\exp(\sum_{j=1}^{\infty}t_{j}^{(2)}\eta^{j})$ , $q_{k}=0$ for $k<0$ ,
(3.7)
$t_{j}^{(1)}=- \frac{t}{2}+\frac{2s-m+n}{j}$ , $t_{j}^{(2)}= \frac{t}{2}+\frac{2s-m+n}{j}$ , (3.8)
. , $m,$ $n\in \mathbb{Z}_{\geq 0}$ , $S_{m,n}=S_{m,n}(t, s)$
$S_{m,n}(t, s)=$
$q_{1}$ $q_{0}$ . . . $q_{-m+2}$ $q_{-m+1}$ $q_{-m-n+3}$ $q_{-m-n+2}$
$q_{3}..\cdot$ $q_{2}.\cdot$. $\cdot..\cdot.\cdot$ $q_{-m+4}..\cdot$ $q_{-m+3}..\cdot$ $..$ .
$q_{-m-n+5}..\cdot$ $q_{-m-n+4}.\cdot$.
$q_{2m-1}$ $q_{2m-2}$ . . . $q_{m}$ $q_{m-1}$ $q_{m-n+1}$ $q_{m-n}$
, (3.9)




$p_{-n-m+4}$ $p_{-n-m+5}$ . . . $p_{-n+3}$ $p_{-n+4}$ $p_{2}$ $p_{3}$
$p_{-n-m+2}$ $p_{-n-m+3}$ . . . $p_{-n+1}$ $p_{-n+2}$ $p_{0}$ $p_{1}$
. $m,$ $n\in \mathbb{Z}_{<0}$ ,
$S_{m,n}(t, s)=(-1)^{m(m+1)/2}S_{-m-1,n}(t, s-m-1/2)$ ,
$S_{m,n}.(t, s)=(-1)^{n(n+1)/2}S_{m,-n-1}(t, s+n+1/2)$ . (3.10)
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. ,
$y=- \frac{S_{m,n-1}(t,s)S_{m-1,n}(t,s)}{S_{m-1,n}(t,s-1)S_{m,n-1}(t,s+1)}$ , (3.11)
, $\mathrm{P}_{\mathrm{V}}(1.9)$ . , ,
$\kappa_{\infty}=s$ , $\kappa_{0}=s-m+n$ , $\theta=m+n-1$ , (3.12)
.
(3.11)-(3.12) $s_{1}$ $\pi s_{1}$ , .
32(3.11) , ,
$\kappa_{\infty}=-s$ , $\kappa_{0}=s-m+n$ , $\theta=m+n-1$ , (3.13)
. ,
$y= \frac{2n+1}{2m+1}\frac{S_{m,n-1}(t,s+1/2)S_{m,n+1}(t,s-1/2)}{S_{m-1,n}(t,s-1/2)S_{m+1,n}(t,s+1/2)}$, (3.14)
, $\mathrm{P}_{\mathrm{V}}(1.9)$ . , ,
$\kappa_{\infty}=m+1/2$ , $\kappa_{0}=n+1/2$ , $\theta=2s-m-n-1$ , (3.15)
.
Kitaev , $\mathrm{P}_{\mathrm{V}}$ , $(\mathrm{I})-(\mathrm{I}\mathrm{V})$
4 [8]. (3.11)-(3.12) (3.11)-(3.13) , (III)
, (3.14)-(3.15) (IV) . , (I),(II) , Kummer




$\sum p_{k}(t, s)\eta^{k}=\infty(1+\eta)^{2s-m+n}\exp(\frac{-\frac{t}{2}\eta}{1-\eta})$ , $p_{k}=0$ for $k<0$ ,
$\sum_{k=0}^{k=0}q_{k}(t, s)\eta^{k}=(1+\eta)^{2s-m+n}\exp(\infty\frac{\frac{t}{2}\eta}{1-\eta})$ , $q_{k}=0$ for $k<0$ ,
(3.16)
, $p_{k},$ $q_{k}$ Laguerre .
34 3.1 , $m=0$ ( $n=0$ ) , Nou -Yamada
[15] .
, $\mathrm{P}_{11},$ $\mathrm{P}_{\mathrm{I}11},$ $\mathrm{P}_{1\mathrm{V}}$ Schur
. (3.9) , $m=0$ ( $n=0$ ) , (2-reduced)
Schur . , ?
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, (39) , $\ovalbox{\tt\small REJECT} \mathrm{i}\mathrm{v}\mathrm{e}\mathrm{r}\mathrm{s}\mathrm{a}\mathrm{l}$ character[9]
. 2 $\lambda\ovalbox{\tt\small REJECT}(\lambda_{\mathrm{b}}\lambda_{2},$ $\cdots,$ $\lambda_{n}\ovalbox{\tt\small REJECT}\mu\ovalbox{\tt\small REJECT}(\mu_{\mathrm{b}}\mu_{2}, \cdots, \mu_{m})$ , universal
character $S_{\lambda_{1}},\ovalbox{\tt\small REJECT} S_{\lambda_{1}},(x, \mathrm{i})$ , $x\ovalbox{\tt\small REJECT}(x_{\mathrm{b}}x_{2}, \cdot\cdot)$ $x\ovalbox{\tt\small REJECT}(\ovalbox{\tt\small REJECT}_{\mathfrak{b}}\ovalbox{\tt\small REJECT}_{2}, \cdots)$
.
$S_{\lambda,\mu}(x,\overline{x})=\det^{t}(q_{\mu_{m}}^{-}, q_{\mu_{m-1}+1}^{-}, \cdots, q_{\mu_{1}+m-1}^{-},p_{\lambda_{1}-m}^{+},p_{\lambda_{2}-m-1}^{+}, \cdots,p_{\lambda_{n}-m-n+1}^{+})$ ,
(3.17)
$p_{j}^{+}={}^{t}(p_{j},p_{j+1}, \cdots,p_{j+m+n-1})$ , $q_{j}^{-}={}^{t}(q_{j}, q_{j-1}, \cdots, q_{j-m-n+1})$ ,
$\sum_{k=0}^{\infty}p_{k}\eta^{k}=\exp(_{j=1}\sum^{\infty}xj\eta^{j})$ , $p_{k}=0$ for $k<0$ ,
$\sum_{k=0}^{\infty}q_{k}\eta^{k}=\exp(_{j=1}\sum^{\infty}\tilde{x}j\eta^{j})$ , $q_{k}=0$ for $k<0$ .
(3.18)






2 , $\tau$- $\phi_{\nu}(\nu=(k, l, m, n)\in \mathbb{Z}^{4})$ ,
Jacobi-Thudi . , ( ) Schur Jacobi-Tru
, [26].
, , (4-reduced)Schur Jacobi- udi
[12]. , ,
$f_{1}$. $= \frac{\sqrt{t}}{2}$ , $\alpha:=\frac{1}{4}$ , $(i=0,1,2,3)$ , (4.1)
,
$\phi_{\nu}=N_{\lambda}S_{\lambda}(2\sqrt{t}, -2,0, \cdots)$ , (4.2)
. , $\lambda$ $\nu$ , $N_{\lambda}$ .
, (4.1) , (2.1)-(2.2) $\pi$ . ,
(4.2) , $\mathrm{P}_{\mathrm{V}}$ 4-reduced Schur .
3 , (4.2) $\mathrm{P}_{\mathrm{V}}$
. ,
$\pi$ (4.1) , $\pi^{2}$ (3.1) .
, .
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4.1 Laguerre $L_{k}^{(\alpha)}(x)$ , $g_{k}^{(l)}=g_{k}^{(l)}.(t, s)(k, l\in \mathbb{Z})$
$g_{2k}^{(2l)}= \frac{(-1)^{k}}{\xi_{k}}L_{k}^{(2s-1)}(t/2)$ , $g_{2k+1}^{(2l)}= \frac{\sqrt{t}}{2}\frac{(-1)^{k}}{\xi_{k+1}^{\uparrow}}L_{k}^{(2s^{\mathrm{t}})}(t/2)$,
(4.3)
$g_{2k}^{(2l+1)}= \frac{(-1)^{k}}{\xi_{k}^{\uparrow}}L_{k}^{(2s^{\uparrow}-1)}(t/2)$ , $g_{2k+1}^{(2l+1)}= \frac{\sqrt{t}}{2}\frac{(-1)^{k}}{\xi_{k+1}}L_{k}^{(2s)}(t/2)$ ,
. ,
$\xi_{k}=\xi_{k}(s)=\prod_{j=1}^{k}(s+\frac{j-1}{2})$ , $\xi_{k}^{\mathrm{t}}=\xi_{k}(s^{\dagger})$ , $s^{\uparrow}=1/2-s$ , (4.4)
. , $m,$ $n\in \mathbb{Z}_{\geq 0}$ , $\phi_{m,n}=\phi_{m,n}(t, s)$
$\phi_{m,n}(t, s)=N_{m,n}\det(g_{\lambda_{j}-j+i}^{(m+n+1-i)})_{i,j=1}^{m+n}$ , (4.5)
. , $\lambda$ ,
$\lambda=\{$
$(3m-n-1,3m-n-4, \cdots, 2n+5,2n+2,2n, 2n, \cdots, 4,4,2,2)$ , $(m>n)$ ,




$(-1)^{n(n+1)/2}c_{m}d_{n} \prod\hat{\zeta}_{k}\prod\zeta_{k}^{\mathrm{t}}\prod_{k=1}^{m-n-1}\hat{\zeta}_{k}^{\mathrm{t}}nm$. $(m>n)$ ,
$(-1)^{n(n+1)/2}c_{m}d_{n} \prod_{k=1}^{n}\hat{\zeta}_{k}\prod_{k=1}^{m}\zeta_{k}^{\mathrm{t}}\prod_{k=1}^{n-m}\zeta_{k}k=1k=1$ , $(m\leq n)$ ,
(4.7)




$y=- \frac{\phi_{m,n-1}(t,s)\phi_{m-1,n}(t,s)}{\phi_{m-1,n}(t,s-1)\phi_{m,n-1}(t,s+1)}$ , (4.9)
, $\mathrm{P}_{\mathrm{V}}(1.9)$ . , ,
$\kappa_{\infty}=s$ , $\kappa_{0}=s-m+n$ , $\theta=m+n-1$ , (4.10)
.





, Painleve’ . ,
,
Painleve’ [12]. $\mathrm{P}_{\mathrm{V}}$ .
, (3.9) ,







( , (2.10),(2.11) ? ). $X_{r},$ $\mathrm{Y}_{r}$
$X_{r}= \frac{R_{m,n-1}^{(r-1)}R_{m-1,n}^{(r+1)}}{R_{m-1,n-1}^{(r)}R_{m,n}^{(r)}}-1$ ,
, ,




$x$ $\mathrm{Y}_{r}^{2}-1$ (5.5)2 $rX_{r}+(m-n)$
$\mathrm{Y}_{r+2}+\mathrm{Y}_{r}=\overline{x}\overline{X_{r}^{2}-1}$
,
. , asymmetric $\mathrm{d}\mathrm{P}_{11}[1]$ . , $\mathrm{P}_{\mathrm{V}}$
$\tau$- B\"acklund , asymmetric $\mathrm{d}\mathrm{P}_{11}$
.
, $m=0$ , $X_{r}=-\mathrm{Y}_{r+1}$ ,
$\ovalbox{\tt\small REJECT}\equiv X_{r}=-\mathrm{Y}_{r+1}$ , (5.5) ,
$U_{r+1}+U_{r-1}= \frac{2}{x}$–$rU_{r}-n1-U_{r}^{2}$ (5.6)








[11] $\}$ , .
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, , universal character $\dot{\mathrm{a}}$ Painleve’
. Schur KP
$\tau$- 1) , universal character \mbox{\boldmath $\tau$}-
, . , $\mathrm{P}_{\mathrm{I}\mathrm{I}}$ ,
$\mathrm{P}_{1\mathrm{V}},$ $\mathrm{P}_{\mathrm{V}}$ , Jacobi-Rudi \mbox{\boldmath $\tau$}-
, $\mathrm{P}_{\mathrm{V}}$ universal character \mbox{\boldmath $\tau$}-
. , q-
[4] , $A$ , $q-\mathrm{P}_{\mathrm{V}}$
. .
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